We present an analytic construction of multi-brane solutions with any brane number in cubic open string field theory on the basis of the KBc algebra. Our solution is given in the pure-gauge form Ψ = UQ B U −1 by a unitary string field U, which, for the (N + 1)-brane solution, is specified by [N/2] independent real parameters α k . For the 2-brane (N = 1), the solution is unique and reproduces the known one. As requirements on the solution, we take two. First, the energy density of the solution should reproduce that of the (N + 1)-branes. Second, the EOM of the solution should hold against the solution itself. We find that α k satisfying these two conditions indeed exist as far as we have tested for various integer values of N (= 2, 3, 4, 5, · · · ).
Introduction
In [1] , a simple expression of analytic solution of cubic string field theory (CSFT) was presented in the framework of the KBc algebra [2] . Rewriting in a slightly different manner from the original, the solution is given in the pure-gauge form Ψ = UQ B U −1 in terms of unitary 1 U:
where G = G(K) is a function of K which should suitably be chosen. The solution is hermitian by construction, and its explicit form is
The KBc algebra we need here and in the following are The number of D25-branes the solution 2 (1.2) represents and the EOM test against the solution itself were examined for various G(K) defining U [3, 4, 5, 6] . For calculating these quantities, we have to regularize the singularity at K = 0. In [4] , we adopted the K ε -regularization of replacing K by K ε = K + ε with ε being an infinitesimal positive constant. In this paper, for any O(K, B, c), O ε with subscript ε denotes the K ε -regularized one:
(1.5)
Then, in terms of the K ε -regularized solution,
the brane number is given by N + 1 with N being
while the EOM test T against the solution itself is
However, the construction of multi-brane solutions with a larger N has been problematic. 5 From the above two examples, it may be guessed that a solution with N = N = 2, 3, · · · is obtained by taking G(K) with a multiple pole at K = 0, G(K) ∼ 1/K N (K ∼ 0); for example, G(K) = ((1 + K)/K) N . However, N and T for this type of G(K) are calculated to be given by [4, 5, 6] N = N + A N ,
where the "anomalous terms" A N and B N are expressed in terms of the confluent hypergeometric function 6 as . (1.12) Namely, N is not an integer and the EOM test is not passed (T = 0) for the present type of solutions with N ≥ 2. 3 We are taking both the open string coupling constant and the space-time volume equal to one. 4 G(K) should not have zero nor pole at K = ∞ to avoid their additional contribution to N [6] . 5 For a recent numerical approach toward the construction of multi-brane solutions, see ref. [7] . 6 The confluent hypergeometric function is defined by 1 F 1 (a, b; z) = 1 + ∞ k=1 a(a + 1) · · · (a + k − 1) b(b + 1) · · · (b + k − 1) z k k! .
Note that 1 F 1 (a, b; z) is a polynomial in z of degree (−a) for a non-positive integer a.
In [6] , we proposed that the 3-brane solution with N = 2 and T = 0 can be constructed in the form (1.2) by making use of the singularities both at K = 0 and K = ∞, and taking, for example, G(K) = (1 + K) 2 /K. However, multi-brane solutions with larger N (= 3, 4, 5, · · · ) and T = 0 seem not to exist in the form of (1.2).
In this paper, we present an analytic expression of multi-brane solutions carrying any integer N and satisfying the EOM test T = 0. We start with the most generic form of the unitary string field U and consider a manifestly hermitian solution of the pure-gauge type, Ψ = UQ B U −1 . For considering the most generic unitary U, we adopt a convenient notation for expressing a string field which is given as the sum of products of (K, B, c). Then, by referring to the successful examples of the tachyon vacuum and the 2-brane solutions given by (1.1) and (1.2), we make a natural ansatz on the functions of K defining U. As a result, U which is expected to represent (N + 1)-branes is specified by (N + 1) real parameters (α 0 , α 1 , · · · , α N ), among which only [N/2] are independent. 7 We carry out the calculation of N (1.7) and T (1.8) for this type of solution, and find that these two quantities are again given in the form (1.10): the anomalous terms A N and B N are polynomials in (2πi) 2 of order [N/2] and [N/2] − 1, respectively (A N starts with the (2πi) 2 term). This is also the case for A N and B N of (1.11) for the solution (1.2). A different point in our new type of solutions is that the coefficients of the polynomials are not constants but are linear functions of α k . Moreover, the coefficient f n (α k ) multiplying (2πi) 2n is common between A N and (2πi) 2 B N up to a constant factor. Therefore, both A N = 0 and B N = 0, namely, N = N and T = 0, are realized by choosing as {α k } the solution to f n (α k ) = 0 (n = 1, 2, · · · , [N/2]). In fact, we find that α k and hence the solution Ψ = UQ B U −1 are uniquely determined in this way for any integer values of N (= 2, 3, 4, 5, · · · ) we have tested. For example, the 3-brane solution is given by (5.5) with G = (1 + K)/K. However, we have not succeeded in determining α k for a generic N. The reason is that the expressions of N and T we will obtain in this paper are too complicated to get f n (α k ) in a closed form for a generic N. Even more, the fact that f n (α k ) are common between A N and (2πi) 2 B N is merely an "experimental fact" obtained by the evaluation of A N and B N for various values of N. However, there is no doubt that we can determine α k so that our solution can realize both N = N and T = 0 for any N. The technical problem of giving f n (α k ) for a generic N will be resolved by mathematical sophistication.
The rest of this paper is organized as follows. In Sec. 2, first introducing our convenient notation for expressing the sum of products of (K, B, c), we determine the form of the most generic unitary string field U, and present our assumption on the form of U which is specified by α k . Then, in Secs. 3 and 4, we obtain N and T , respectively, as functions of α k . In particular, we calculate N not directly but in a way where the role of the singularity at K = 0 as the origin of non-trivial N is manifest. In Sec. 5, we examine the conditions N = N and T = 0 on our solution to determine α k for various values of N. We summarize the paper and discuss future problems in Sec. 6. In the Appendices, we present technical details used in the text.
Assumptions on the solution
In this section, we first introduce our convenient notation for expressing string fields in the framework of the KBc algebra. Then, we obtain the form of the most generic unitary string field U for the hermitian solution Ψ = UQ B U −1 of the pure-gauge type. After these preparations, we restrict U to a particular form which is specified by real parameters (α 0 , α 1 , · · · , α N ).
Convenient notation
For making our equations look simpler, we first introduce a convenient notation for expressing the sum of products of (K, B, c). Let us consider, for example, the following quantity O:
where f a (K) (a = 1, 2, · · · , n + 1) are functions of K and the sum {fa} is the sum over various sets of f a . In this particular example, there appear (n − 1) ghosts c and a single Bc.
Our new notation applies also to the cases where some of the c's are replaced with Bc (and Bc with c). Recalling that (K, B, c) are string fields, which are like matrices with left and right indices, we explicitly attach to c a pair of numbers (a, b) specifying the left and the right to write c ab . (The indices (a, b) for a specific c ab are fixed numbers. We do not sum over (a, b).) For K and B which are commutative with each other, we attach to them a single index specifying their position in the sequence of c's to write K a and B a . In most cases, we place B on the left of a c to write (Bc) ab (= B a c ab ). We also use notations such as (cB) ab (= c ab B b ) and (cK) ab (= c ab K b ). The identity string field, which has been written as 1, now has a double index, and we write it as I ab . Then, the string field O (2.1) is written as
2)
where A 1,2··· ,n,n+1 , which depends only on K, is given by
In this notation, we can put the K-dependencies at any place without any ambiguity. As examples, U in (1.1) and Ψ (1.2) are expressed in our notation as
and
5)
with G a = G(K a ). Note that the hermitian conjugate of O for an hermitian A 1,2,··· ,n,n+1 is given by (O † ) n+1,1 = A 1,2,··· ,n,n+1 c n+1,n (Bc) n,n−1 · · · c 32 c 21 .
(2.6)
The most generic unitary U
For constructing hermitian solutions in the pure-gauge form, Ψ = UQ B U −1 , in terms of a unitary U satisfying UU † = I, let us first establish the most general form of the string field U which is unitary and carries the ghost-number N gh = 0. First, from N gh = 0, U is expressed without losing generality as
where Γ 2 and F 12 on the RHS are given by Γ a = Γ(K a ) and F ab = F (K a , K b ) in terms of two real functions Γ(x) and F (x, y). 8 The hermitian conjugate of this U is
and UU † is given by
In deriving (2.9), we have used
valid for any f (K). From (2.9), we find that U is unitary if F aa and Γ a are related by
11)
and F ab is symmetric:
When the two conditions (2.11) and (2.12) are met, U −1 is given by
Let us calculate UQ B U −1 for the present U (2.7) and U −1 (2.13): 
Assumptions on Γ a and F ab
It is impossible to evaluate N and T for Ψ = UQ B U −1 given by (2.14) without any assumptions on Γ a and F ab . Here, on the basis of known facts, we would like to make plausible assumptions on the form of Γ a and F ab which is expected to realize N = N and T = 0 for each positive integer N.
The first fact is the satisfactory example of N = 1 solution with U given by (1.1) or by (2.4) in the present notation. In this case, G(K) should have a simple pole at K = 0 and no other zeros/poles in the complex half-plane Re K ≥ 0 including K = ∞, but otherwise arbitrary. For definiteness, we take
Comparing (2.4) with the generic form (2.7), we see that Γ a and F ab in this example are given by Γ a = G a = G(K a ),
22)
which certainly satisfy (2.11) and (2.12).
Secondly, by replacing G a in (2.22) with G N a = ((1 + K a )/K a ) N , we get N and T given by (1.10) and (1.11). As we saw there, N for N ≥ 2 is a polynomial in (2πi) 2 starting with the zero-th term N. This seems to suggest that the replacement G a → (G a ) N is, though not perfect, fairly close to the final answer realizing N = N.
Taking these facts into account, let us take as our candidate Γ a and F ab for a generic N, which possibly realize N = N and T = 0, the following ones given in terms of G(K) of (2.21):
Here, α k are numerical coefficients satisfying 
Though F ab (2.24) itself is not of a factorized form with respect to the K a and K b dependencies, it should be suitably expressed as a sum of factorized terms by, for example, Taylor expansion, for calculating correlators containing F ab .
In the rest of this paper, we shall first obtain N and T for the present solution as functions of {α k }, and then examine whether there exits {α k } satisfying both N [α k ] = N and T [α k ] = 0 for each positive integer N.
Expression of N [α k ]
As a preparation for examining N (1.7) for our candidate solution proposed above, we in this section obtain a calculable concrete expression of N [α k ] for a given {α k }.
N in terms of Γ a and F ab
Instead of calculating N (1.7) directly, we here use the method of ref. [4] to evaluate N as a "topological" quantity. Concretely, we use the following formula for the variation of N under an arbitrary infinitesimal deformation δU −1 of U −1 :
where T B is the Grassmann-odd operation of replacing B with the identity I one by one:
is a product of K's and c's, and |f | = 0 (= 1) if f is Grassmann-even (-odd). The operation of T B on a quantity without B is defined to be zero:
For calculating N of our solution with G(K) given by (2.21), we introduce G(K, u) with a parameter u,
and regard the deformation δ as that of u: δ = δu (d/du). Then, since G(K, u) with u > 0 corresponds to the trivial solution with N = 0, N for G(K) (2.21) is given by integrating (3.1) over u as
where δN on the RHS is that for G(K, u) (3.4), and u 0 is positive but otherwise arbitrary (the integration (3.5) is independent of u 0 in the limit ε → +0). Eq. (3.5) which is multiplied by ε can be non-vanishing in the limit ε → +0 due to the 1/ε singularity arising from the u-integration near u = 0 as we saw in [4] .
Let us express the integrand on the RHS of (3.1) in terms of Γ a and F ab . The expression of UQ B U −1 is already given by (2.14) and (2.15). Using this, (UQ B U −1 ) 2 is calculated as follows: 
Using this, UδU −1 is calculated as follows:
where we have used (2.10) and (2.11). Finally, multiplying (3.6) and (3.8), we get
By the substitution of this into (3.1), (Bc) 35 is replaced with c 35 by the T B operation, and the last index 5 is identified with the first index 1. Then, we get the desired formula for calculating N :
10)
with W 123 given by
Note that the (E 125 − E 135 ) δ ln Γ 5 term in (3.9) does not contribute to (3.10) due to the L/R-reversing symmetry of the ccc-correlator:
valid for any A 123 (K).
Though we do not use it in this paper, N itself is of course given in terms of E abc :
3.2 N for a given {α k }
The formula (3.10) is valid for any U (2.7) given in terms of (Γ a , F ab ). In this subsection, we use (3.10) and (3.5) to calculate N for our particular choice of Γ a and F ab , (2.23) and (2.24), specified by {α k }. An important point in this calculation is that (3.10) is multiplied by ε which should be taken to +0 in the end. This implies that we are allowed to keep only the most singular part of W 123 (3.11) with respect to ε.
Recall that G a in W 123 (3.11) is given by (3.4) with the parameter u, and the variation δ is that with respect to u. The K ε -regularized G a in (W 123 ) ε is taken as
where K ε in the numerator of the original G(K ε , u) corresponding to (3.4) has been omitted since it is irrelevant (i.e., higher order in ε) in the present calculation. We regard this G(K ε , u) as an O(1/ε) quantity 9 and expand W 123 in inverse powers of G a . In the following calculations, the properties of α k , (2.25), (2.26) and (2.27), are repeatedly used without mentioning it. In addition, we omit the subscript ε in (1.5) for the replacement K → K ε for the sake of notational simplicity. Everything in this subsection should be regarded as the K ε -regularized one.
First, we obtain without approximation
where we have used δ ln Γ a = (N/2) δ ln G a . Next, F ab is expanded in inverse powers of G a as
and, using this, E abc (2.15) is expanded as 
In (3.19) , we have used that δ ln G for G of (3.15) is given by
As seen from (3.19) , the leading part of W 123 is the sum of terms of the form G n 1 1 G n 2 2 G n 3 3 δu with integers n a satisfying n 1 + n 2 + n 3 = 1. As we shall see, this leading part makes finite O(ε 0 ) contribution to N , while the contribution of the subleading part is of O(ε N ). Therefore, we keep only the leading part of W 123 in the rest of this subsection. Then, defining N n 1 ,n 2 ,n 3 by
21)
we see that N [α k ] is given by
22)
where we have made the replacement ℓ → N − ℓ for a number of terms to eliminate N from their indices.
Next, using
23)
for cK ε in (3.21) and defining S m 1 ,m 2 ,m 3 by
24) N n 1 ,n 2 ,n 3 (3.21) is given as N n 1 ,n 2 ,n 3 = S n 1 ,n 2 ,n 3 − S n 1 ,n 2 −1,n 3 − S n 1 ,n 2 ,n 3 −1 + S n 1 ,n 2 −1,n 3 −1 .
(3.25)
Note that S m 1 ,m 2 ,m 3 is totally symmetric with respect to its indices and vanishes if at least one of the three m a is equal to zero. We calculate S m 1 ,m 2 ,m 3 (3.24) in Appendix B by using the (s, z)-integration method of [3, 5] . The results are as follows. First, we introduce a function F P,Q (z) defined by a pair of integers (P, Q) with P + Q = 0, 1 or 2: Then, S m 1 ,m 2 ,m 3 is give as
Note that F P,Q (z) and hence f P,Q are anti-symmetric with respect to (P, Q).
In summary, we have shown that N [α k ] is given by a series of equations; (3.22), (3.25), (3.28), (3.29) and (3.26) . It is a polynomial in z 2 = (2πi) 2 and, as shown in Appendix C, the z 0 term is equal to N:
Terms of non-trivial power of z 2 is the "anomalous" part. We present the analysis of the anomalous part as well as that of T [α k ] in Sec. 5 after obtaining a calculable expression of T [α k ] in the next section.
Expression of T [α k ]
First, let us express the EOM test T (1.8) in terms of E abc . From the K ε -regularized version of (2.14) and (3.6),
we find that the EOM is violated (apparently) by O(ε):
From this and (4.1), T is given by
As in the previous section, all the quantities in the rest of this section should be regarded as the K ε -regularized ones, and we omit the corresponding subscript ε. For example, T 1234 means (T 1234 ) ε .
For evaluating T which is multiplied by ε, it is sufficient to take the leading part of the expansion (3.18) of E 123 in inverse powers of G a . In the present calculation, G a is simply
Using (3.18) and keeping only the leading part, we see that T 1234 (4.5) is given by
Substituting this into (4.4), we find that T is given in terms of T n 1 ,n 2 ,n 3 ,n 4 defined by
as
where we have made the replacement of the summation indices (k, ℓ) → (N − k, N − ℓ) for the third, the seventh and the last terms on the RHS to eliminate N from the indices. Therefore, the calculation of T is reduced to that of T n 1 ,n 2 ,n 3 ,n 4 . Note that the indices of T n 1 ,n 2 ,n 3 ,n 4 appearing in (4.9) satisfy n 1 + n 2 + n 3 + n 4 = 0. (4.10)
In Appendix D, we show that T n 1 ,n 2 ,n 3 ,n 4 is given as T n 1 ,n 2 ,n 3 ,n 4 = n 1 (h n 3 +n 4 −1 − h n 3 − h n 4 −1 ) + n 3 (h n 4 +n 1 −1 − h n 4 −1 − h n 1 )
11)
where h Q for an integer Q is given by
with H Q (z) (which is not the Hermite polynomial) defined by As independent elements among α k (k = 0, 1, · · · , N) subject to the constraints (2.25) and (2.26), we take the first [N/2] ones, (α 0 , α 1 , · · · , α [N/2]−1 ). Since our solution for N = 1 is unique, (α 0 , α 1 ) = (1/2, 1/2), and agrees with that of [1] satisfying N = 1 and T = 0, let us start with the N = 2 case. In the following, z 2 implies (2πi) 2 . In this case, F ab (2.24) and E abc (2.15) for the 3-brane solution are
Explicitly, the solution is given by
with G(K) of (2.21).
N = 3
For N = 3, we obtain
(5.6) N = 3 and T = 0 are simultaneously realized by taking α 0 = −1/6:
For N = 4, we obtain
Demanding N = 4 and T = 0, α k are uniquely determined by two equations, 1+8α 0 +2α 1 = 0 and α 0 = 0, as
For N = 5, we have As seen above, N and T for N ≤ 5 are polynomials in z 2 and take the following form:
where f n (α k ) are linear functions of α k (k = 0, 1, · · · , [N/2] − 1), and t n in T are numerical coefficients.
In particular, f n (α k ) are common between N and T . As we see below, the form (5.12) is valid for larger N we will test. It must be possible to prove (5.12) for a generic N by using the expressions of N and T given in Secs. 3 and 4.
Then, a problem with the N ≥ 6 cases is that, while the number of conditions are only two of (5.1), the number of independent α k is [N/2], which is greater than 2 for N ≥ 6. A general solution {α k } to (5.1) contains powers of π 2 and is generically irrational. In order to fix α k uniquely, we here adopt a special (and probably a "natural") solution to (5.1) by demanding [N/2] conditions, f n (α k ) = 0 (n = 1, · · · , [N/2]). (5.13) In fact, {α k } given above for N = 2, 3, 4, 5 have been determined by (5.13) . For larger N, the conditions (5.13) provide us with sufficient conditions to uniquely determine {α k }, and the resultant α k is a rational number, as far as we have checked. Here, we present N and T and the solution to (5.13) in the cases N = 6, 7 and 11, as examples.
N = 6
In this case, N and T are certainly of the form of (5.12):
The solution to (5.13) is given by:
In this case also, N and T are of the form of (5.12):
The solution to (5.13) is
In the case of N = 11, N and T are of the form (5.12) with f n (α k ) and t n given by Summarizing this section, as far as we have checked for various positive integer N, N and T take the form of (5.12) in terms of common linear functions f n (α k ), and the condition (5.13) uniquely determines {α k }. 10 Of course, there are many questions to be answered and subjects to be studied, which we shall discuss in the next section.
Summary and discussions
In this paper, we presented an analytic expression of the multi-brane solutions of CSFT for arbitrary (positive integer) brane numbers. We started with the most generic unitary and real string field U (2.7) with Γ a and F ab satisfying (2.11) and (2.12), and considered as a candidate solution the pure-gauge string field UQ B U −1 . As Γ a and F ab for multi-brane solutions, we adopted the ansatz of (2.23) and (2.24) using G(K) having a simple pole at K = 0. For the (N +1)-brane solution, we in this paper demanded the following two: First, the energy density of the solution calculated from the action should be that of the (N + 1)-brane. Concretely,  N (1.7) should be equal to the integer N. Second, the EOM test against the solution itself given by T (1.8) should vanish. In the previous constructions of multi-brane solutions based on the singularity at K = 0, these two conditions were hard to be realized in the cases of N ≥ 2. In the present construction, our solution is specified by real parameters α k subject to (2.25) and (2.26), and the problem is whether there exits {α k } which realizes N = N and T = 0. We calculated N [α k ] and T [α k ] in the K ε -regularization to find that there indeed exists {α k } satisfying the two conditions for any N = 2, 3, 4, 5, · · · as far as we have tested. For N ≥ 6, the two conditions, N = N and T = 0, cannot uniquely fix α k , and we proposed to require stronger conditions (5.13) on α k , which give sufficient number of equations to uniquely determine α k as rational numbers.
We have certainly succeeded in constructing (N + 1)-brane solutions for N = 2, 3, 4, 5, · · · . However, our analysis in this paper is still at an "experimental" level. Namely, we we have confirmed the existence of the "natural" choice of {α k } determined by (5.13) only for sample values of N. Although there is no doubt that such {α k } giving a desired multi-brane solution exists for any integer N, we should present a general proof for our expectation. For this, we have to show that the expressions of N and T given in (5.12 ) in terms of common functions f n (α k ) is valid for any N. It is of course desirable that the solution α k to (5.13) is explicitly given for a generic N.
Even if these technical problems are resolved, there still remain important questions on our construction of multi-brane solutions:
• What is the meaning of the stronger conditions (5.13) on α k ? Possibly, these conditions could be derived by considering other natural requirements on the solution. For example, the requirement that the energy density of the solution evaluated by the Ellwood invariant be equal to that of the (N + 1)-brane. Besides, since the number of conditions (5.13) depends on N (and is equal to [N/2]), requirements related to the fluctuation modes on the solution might be the origins of the conditions.
• Are there any profound mathematical meaning in F ab given by (2.24) in terms of α k satisfying the condition (5.13)? Recalling that N (1.7) for the present pure-gauge type solution Ψ = UQ B U −1 has an analogy to the winding number 1/(24π 2 ) M tr (gdg −1 )
• In the particular case of N = 2, our U with α k of (5.3) has the following manifestly unitary expression:
where g(K) is defined by
In relation to this, the following U is also unitary for any hermitian f (K):
This U is rewritten into the standard form (2.7) and the corresponding Γ a and F ab are
Note that this F ab is equal to F ab = 1 − Γ a Γ b in (5.4) for N = 2 (recall that Γ = G when N = 2) multiplied by the front term consisting of ln Γ. However, we find that, due to the presence of the ln Γ term in F ab , both N and T are divergent in the limit ε → +0.
In fact, if we take Γ = G(K) = (1 + K)/K, N diverges as
In this respect also, our F ab given by (2.24) is a good choice.
• The product U (3) = U (1) U (2) of two unitary U (1) and U (2) is of course unitary and is written in the form (2.7) with Γ a and F ab satisfying (2.11) and (2.12). In fact, (Γ a , F ab ) of U (3) is given in terms of those of U (1) and U (2) by
This relation implies that, even if (Γ
ab ) are of the form of (2.23) and (2.24), (Γ
ab ) is no longer so and cannot realize integer N = N (3) = N (1) + N (2) and T = 0 in general. We already saw this phenomenon of the violation of the additivity of N in the case of N (1) = N (2) = 1 in [4] .
• In this paper, as the EOM tests, we considered only that against the solution itself given by T (1.8). Let us define the EOM test against a generic string field O with N gh = 1 by
It has been known that the N = 1 (2-brane) solution does not pass the EOM test against the Fock vacuum; T [(e − π 4 K c e − π 4 K ) ε ] = O(1/ε) = 0 [5] . This property persists also in our N ≥ 2 solutions irrespectively of the choice of α k . Instead, our solutions pass the EOM test against the unitary transformed Fock vacuum; T [(Ue − π 4 K c e − π 4 K U −1 ) ε ] = 0. On the other hand, the tachyon vacuum solution (N = −1) passes all the EOM tests. For fully understanding the problem of the EOM test, it would be necessary to solve the problem of the fluctuation modes around the solution (see [8] ).
• In this paper, we considered explicitly only (N + 1)-brane solutions with positive integer N. However, "ghost brane" solutions with N ≤ −2 can also be constructed in the same manner.
A The formula (3.1)
For an arbitrary infinitesimal deformation δU −1 , we have
Using this, we obtain
where we have used Q B (UQ B U −1 ) 2 = 0 in obtaining the last expression. Then, noticing that
we see that the following relation holds for any O(K, B, c):
where T B is the operation (3.2). Since Q B O(K ε , B, c) vanishes without ambiguity, we obtain (3.1).
B Derivation of (3.28)
In this Appendix, we derive eq. (3.28) for S m 1 ,m 2 ,m 3 (3.24) by using the (s, z)-integration formula for the Bcccc-correlators [3, 5] . This formulas is given by
where G(z) is defined in our convention by
In the application of (B.1) to the ccc-correlator in S m 1 ,m 2 ,m 3 (3.24), F i (z) are (note that cBc = c)
In this case, the contour of z-integration (B.1) can be closed by adding the infinite semicircle in the left-half plane Re z < 0 due to the presence of e sz . In addition, we find that the infinitesimal positive constant ε in S m 1 ,m 2 ,m 3 (3.24) is totally absorbed into the following replacements (rescaling) of the three integration variables (u, s, z):
Then, we obtain Explicitly, G(z) in (B.6) is given by
where z is defined by z ≡ z + u + 1. Note that the contribution of each term in (B.8) to S m 1 ,m 2 ,m 3 (B.6) is given by the following f P,Q : and carrying out the u-and s-integrations, we find that f P,Q is given by (3.29) by using F P,Q (z) (3.26), and that S m 1 ,m 2 ,m 3 is given by (3.28) in terms of f P,Q (by using the anti-symmetry of f P,Q for a number of terms). In particular, the last term of (B.8) does not contribute to S m 1 ,m 2 ,m 3 since we have f P,0 = f 0,Q = 0 (the residues cancel after the summation ± (±)).
The series F P,Q (z) (3.26) has the following expression in terms of the confluent hypergeometric functions: C Proof of (3.30)
As we saw in Sec. 3.2, N for our solution is given as a polynomial in z 2 = (2πi) 2 . In this Appendix, we show (3.30), namely, that the z 0 term of N is equal to N.
Let us start with the expression (3.26) of F P,Q (z). Here, we repeatedly use the fact that the integers P and Q for F P,Q (z) are restricted to those of the three cases: P + Q = 0, 1, 2.
(C.1)
First, note that the negative power terms of z in (3.26) are actually non-existent. Next, since the z 0 part of (3.26) comes from the k = P + Q term, and this term is in the range of the k-summation only when P + Q ≤ P − 1, namely, Q ≤ −1, we obtain F P,Q (z = 0) = θ(P ≥ 1) θ(Q ≤ −1)
Then, by taking into account (C.1), we find that F P,Q (0) is rewritten as F P,Q (0) = −θ(P ≥ 1)
where we need (C.1) also at the second equality. Plugging this into S m 1 ,m 2 ,m 3 (3.28) given by f P,Q , we find that the contribution of the −Q/2 term of (C.3) cancels, while the −(1/2)θ(P = 1) θ(Q = 1) term does not contribute since f P,Q is multiplied by P − 1 in (3.28). Therefore, we get 
(C.4)
Plugging this into N n 1 ,n 2 ,n 3 (3.25) given by S m 1 ,m 2 ,m 3 , and using that 3 a=1 n a = 1, we obtain N n 1 ,n 2 ,n 3 z=0 = −θ(n 1 ≥ 1) − θ(n 2 ≥ 1) − θ(n 3 ≥ 1) + 1 = −θ(n 1 ≥ 1) θ(n 2 ≥ 1) − θ(n 2 ≥ 1) θ(n 3 ≥ 1) − θ(n 3 ≥ 1) θ(n 1 ≥ 1), (C.5)
where, in the derivation of the first expression, we have used, for example, θ(n 2 + n 3 ≥ 1) − θ(n 2 + n 3 ≥ 2) = θ(n 2 + n 3 = 1) = θ(n 1 = 0). (C.6)
Finally, substituting (C.5) into N (3.22) and using N n 1 ,0,n 3 z=0 = 0, we get 
